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Abstract
We are concerned with the asymptotic behavior of the solutions of a simplified model describing the evolution of a radiating
gas. More precisely, we shall prove the convergence of Hs solutions toward the classical diffusion wave of the viscous Burgers
equation by means of entropy methods. The result is also endowed with the same L1 rate of convergence as that case.
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1. Introduction and statements
In this work we shall investigate the asymptotic behavior of the solution to the Cauchy problem for the following
balance law:{
ut + 12 (u
2)x = −u + K ∗ u
u(x, 0) = u0(x),
(1.1)
where the convolution kernel K is given by 12 e
−|x | and u0 is a nonnegative integrable function. We recall that, since
K is a probability distribution, the model (1.1) is mass preserving. As is well known [1–4], this scalar equation is
equivalent to the following hyperbolic–elliptic 2 × 2 system:{
ut + 12 (u
2)x = −qx
−qx x + q = −ux ,
(1.2)
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which is the simplest model describing the dynamics of radiating gases (see also the book [5]) and its diffusive
asymptotic approximation is given by the viscous Burgers equation
ut + 12 (u
2)x = ux x . (1.3)
The asymptotic behavior for that system has been studied in [2] as a reduced case of a more general theory for
hyperbolic–elliptic coupled systems. More precisely, with an appropriate stability condition and with energy estimates,
a proof has been given of the global existence of solutions in H s , s ≥ 5, to those systems and its convergence in the
same spaces toward the superposition of diffusion waves of a reduced hyperbolic–parabolic system (Eq. (1.3) in our
simpler model). Moreover, the energy methods adopted in that paper allow one to obtain a polynomial decay rate
for this asymptotic limit. This theory has been improved in [6], by considering the pointwise estimates for the Green
function of the linearized system together with the classical energy estimates. This technique yields L p convergence
results, p ∈ [1,+∞), for initial data again in H s ∩ L1, but with a smaller regularity, namely, for s ≥ 3. As usual in the
case of energy estimates, the above results are all confined to the case of sufficiently small perturbations of constant
states.
For the reduced 2 × 2 system (1.2) or, equivalently, for the scalar equation (1.1), the study of regular solutions has
been already performed in [7], where the authors proved that the solutions stay as regular as the initial data, provided
a smallness condition in the W 1,∞ norm is satisfied. Moreover, the Cauchy problem for (1.1) has been studied for
weak entropy solutions in [3,4], where the analysis of relaxation limits and the stability of travelling waves has also
been performed. More recently, the relaxation limit of the rescaled solutions of (1.1) toward the solutions of (1.3) has
been improved in [8] to include also sequences of initial data which approach δ0. This allows the author to interpret
the relaxation limit as an asymptotic convergence toward the diffusion wave of (1.3), thanks to a rescaling method and
thanks to the self-similarity of the limit. The proof is performed for large initial data in L∞ ∩ L1 and it does not give
the rate of convergence in L1.
Our aim is to prove the same kind of convergence result in the framework of regular solutions of (1.1) considered
in [6], namely, for small perturbation of the zero-constant state. More precisely, we shall improve the rate of
convergence obtained (for discontinuous solutions) in [8], by proving the following relation, for t → +∞:
‖u(·, t) − UM (·, t)‖L1(R) = O(1)(1 + t)−
1
2 , (1.4)
where UM (x, t) is the unique self-similar solution of the viscous Burgers equation (1.3) with mass M =∫ +∞
−∞ u0(x)dx . Moreover, the relation (1.4) slightly improves also the L1 decay rates provided in [6] in the case
of the reduced system (1.2). Finally, it is worth observing that this relation gives a sharp rate of decay for the viscous
Burgers equation toward the diffusion wave. The arguments we will use to obtain the above result rely on the so-called
entropy method [9–12], which consists in performing a diffusive time dependent scaling [13,10] which transforms the
self-similar asymptotic diffusive wave into a stationary profile. Then one computes the evolution of a convex entropy
functional having the diffusive wave as unique minimizer (see also [9,10]). Hence, the exponential decay toward
equilibrium follows by a logarithmic Sobolev type inequality [9,14]. We recall that this technique has been extensively
employed to recover optimal rates of decay toward self-similarity for diffusion equations (see, for instance, [10,9,15,
11,12]). Our proof follows the same ideas as the above quoted papers. More precisely, we shall treat the convolution
term of Eq. (1.1) as a diffusion term plus an error which decays sufficiently fast.
Let us consider the following mass preserving, time dependent scaling [13,10]:
y = y(x, t) = x R(t)−1/2
s = s(t) = 1
2
log R(t)
u(x, t) = R(t)−1/2ρ(y(x, t), s(t)),
(1.5)
with
R(t) = (2t + 1).
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Therefore, Eq. (1.1) turns into
ρs +
(
ρ2
2
− yρ
)
y
= −e2s (ρ − Ks ∗ ρ) (1.6)
and the rescaled convolution kernel Ks is given by Ks(ξ) = es K (esξ). Next, we recall some known results for
Eq. (1.1) that we shall use in the rest of our investigations. In particular, we recall here the result of [6] for the reduced
system (1.1), which will define the framework of solutions we are interested in, and we rephrase these results for the
reformulated equation (1.6).
Theorem 1.1. Let s ≥ 3 be an integer, β ≥ 0. There exists a positive constant C1 = C1(s, β) such that, if
‖u0‖H3 + ‖u0‖L1 ≤ C1, (1.7)
then for all 0 ≤ l ≤ s − 2 the solution u to (1.1) satisfies the following pointwise estimates:
∣∣∣∂ lxu(x, t)∣∣∣ ≤ Cl,s (1 + t)−(1/2)(l+1)
(
1 + x
2
1 + t
)−β/2
where
Cl,s = C
(
1 + ‖u0‖Hs + ‖u0‖L1
) l∑
k=1
∥∥∥(1 + |x |)β |∂kx u0(x)∥∥∥L∞x . (1.8)
Moreover, in terms of the rescaled solution ρ(y, s) defined by (1.5), the above pointwise estimate reads∣∣∣∂ lyρ(y, s)∣∣∣ ≤ Cl,k(1 + y2)−β/2. (1.9)
Hereafter we shall consider solutions to the rescaled equation (1.6), with initial datum u0 in L1+(R) with mass M ,
satisfying the hypothesis (1.7) and such that the constant C4,6 in (1.8) is finite.
As pointed out before, the behavior of such solutions to (1.1) for large time is described by the viscous Burgers
equation (1.3). The typical asymptotic states for (1.3) are given by the self-similar waves
UM (x, t) = 2(1 − e−M/2)(2t + 1)− 12
exp
(
− x22(2t+1)
)
1 − CM
∫ x(2t+1)−1/2
−∞ e
− ζ22 dζ
, (1.10)
where the parameter M is the integral of UM (·, t) overR for all t > 0. The expression above for the unique self-similar
wave with mass M is obtained via the Hopf–Cole transformation
φ(x, t) = 1
2
u(x, t) exp
(
−1
2
∫ x
−∞
u(z, t)dz
)
, (1.11)
which reduces (1.3) to the linear heat equation. The diffusive wave (1.10) corresponds in (1.11) to a Gaussian solution
to the linear heat equation.
Next, we perform the same analysis for the rescaled equation (1.6). We emphasize that the nonhomogeneous term
−e2s (ρ − Ks ∗ ρ) in (1.6) behaves like ρyy as s → ∞ for sufficiently smooth solutions ρ [3]. Hence, one can expect
the solutions to (1.6) to be described asymptotically by the following Burgers equation in similarity variables:
ρs =
(
ρy + yρ − ρ
2
2
)
y
. (1.12)
Its solutions behave asymptotically as the unique stationary solution to (1.12) with mass M = ∫ +∞−∞ u0(x)dx , namely
ρ∞M (y) =
2m√
2π
e−
y2
2
1 − 2m√
2π
∫ y
−∞ e
− ζ22 dζ
, (1.13)
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where m = 1 − e−M/2. Such a profile is again obtained via the Hopf–Cole transformation
ψ(y, s) = 1
2
ρ(y, s) exp
(
−1
2
∫ y
−∞
ρ(ζ, s)dζ
)
, (1.14)
which turns (1.12) into the Fokker–Planck equation
ψs =
(
ψy + yψ
)
y (1.15)
and the stationary profile (1.13) corresponds to a Gaussian equilibrium of Eq. (1.15), via the relation (1.14). We are
ready now to state our main theorem.
Theorem 1.2. Let ρ(y, s) be the solution to the Eq. (1.6) with initial datum ρ0 ∈ L1+(R) ∩ H 6(R) having mass M.
Let us suppose that ρ0 satisfies condition (1.7) and that the constant C4,6 in (1.8) is finite. Then, there exists a positive
fixed constant C such that the inequality
‖ρ(·, s) − ρ∞M (·)‖L1(R) ≤ Ce−s (1.16)
is satisfied for any s ≥ 0. As a consequence of (1.16), the solution u to the original problem (1.1) with u0 = ρ0
satisfies the inequality
‖u(·, t) − UM (·)‖L1(R) ≤ C(t + 1)−
1
2
for all times t ≥ 0.
The functional we use to prove the convergence toward equilibrium in Theorem 1.2 is a special choice of the
so-called admissible relative entropy functionals of [9]. These functionals are defined by
He(ρ(s)|ρ∞M ) =
∫ +∞
−∞
e
(
ρ(y, s)
ρ∞M (y)
)
ρ∞M (y)dy,
where e : R+ → R+ is called the generating function of the functional He and it satisfies the following conditions:
e(1) = 0
e′′(h) ≥ 0 for any h ∈ R+, e′′ not identically 0
(e′′′)2 ≤ 1
2
e′′e(IV).
We choose here the generating function
e(h) = (h + 1) log h + 1
2
− (h − 1),
this choice being justified by technical reasons. As a simple consequence of Lemma 2.9 in [9], we state the following
lemma, the proof of which employs the uniform bound for ρ(y, s) in L∞.
Lemma 1.3. Let ψ and ρ as in (1.14). Then we have
He(ρ) ≤ C1 He(ψ) ≤ C2 He(ρ), (1.17)
where the constants C1 and C2 depend on the masses M and m defined above.
2. Proof of Theorem 1.2
Let ρ(y, s) be the solution to Eq. (1.6) with initial datum ρ0 ∈ L1+(R)∩ H 6(R) having mass M . Hereafter, we will
work with the functional He(ψ(s)) where ψ(s) is related to the solution ρ(s) of Eq. (1.6) via (1.14). We recall that
the functional He(ψ) above attains its minimum at the Gaussian state
ψ∞m (y) =
m√
2π
e−
y2
2 ,
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with m = 1 − e−M/2 (see [9]). To simplify the notation, we will define in the following
Σ (y, s) =
∫ y
−∞
ρ(ξ, s)dξ.
The evolutions of Σ and ψ are governed by the relations
Σs + 12
(
Σy
)2 − yΣy = −e2s(Σ − Ks ∗ Σ ),
ψs − (yψ)y = e− 12Σ
[
−ρρy − 14ρ
3 − e2s (ρ − Ks ∗ ρ) + e2s ρ2 (Σ − Ks ∗ Σ )
]
.
Since we are dealing with nonnegative initial data, both ρ and ψ remain nonnegative by the comparison principle
(see, for instance, [3]) and the functional He(ψ(s)) is well defined. Moreover, the term e− 12Σ (y,s), which will appear
very frequently in the calculations below, satisfies the estimate
0 < c ≤ e− 12Σ (y,s) ≤ C
uniformly w.r.t. s. Let us compute the evolution of He(ψ(s)). We have
d
ds
He(ψ(s)) =
∫ +∞
−∞
e′
(
ψ(y, s)
ψ∞m (y)
)
ψsdy =
∫ +∞
−∞
e′
(
ψ(y, s)
ψ∞m (y)
)
×
{
(yψ)y + e− 12Σ
[
−ρρy − 14ρ
3 − e2s (ρ − Ks ∗ ρ) + e2s ρ2 (Σ − Ks ∗ Σ )
]}
dy. (2.1)
Then, we employ the following general relation, in the spirit of the expansion formula used in [3], to control the
relaxation limits of the model:
− f (y) + Ks ∗ f (y) =
∫ +∞
−∞
K (ξ)
[
−e−sξ fy(y) + e
−2s
2
ξ2 fyy(y)
− e
−3s
6
ξ3 fyyy(y) + 124
∫ ξe−s
0
θ4 fyyyy(y − ξe−s − θ)dθ
]
dξ, (2.2)
for any smooth function f (y). We then observe that the term e′ in (2.1) can be estimated as follows:
∣∣∣∣e′
(
ψ(y, s)
ψ∞m (y)
)∣∣∣∣ ≤ 1 +
∣∣∣∣∣∣log

 ψ(y,s)ψ∞m (y) + 1
2


∣∣∣∣∣∣
≤ 1 + log 2 + sup
ψ≥ψ∞m (y)
[
log
(
ψ(y, s) + ψ∞m (y)
)− log 2ψ∞m (y)]
≤ C(1 + |y|2), (2.3)
where we have used the nonnegativity of ψ , the uniform upper bound for ψ and ψ∞m and the explicit expression for
ψ∞m . The above constant C is independent of y and it depends on the initial datum. We apply the asymptotic expansion
(2.2) both to ρ and to Σ in (2.1) to obtain
d
ds
He(ψ(s)) =
∫ +∞
−∞
∫ +∞
−∞
K (ξ)e′
(
ψ(y, s)
ψ∞m (y)
){
(yψ)y + e− 12Σ
[
−ρρy − 14ρ
3
+
(
−esξρy(y) + 12ξ
2ρyy(y) − e
−s
6
ξ3ρyyy(y) + e
2s
24
∫ ξe−s
0
θ4ρyyyy(y − ξe−s + θ)dθ
)
− e2s ρ
2
(
−e−sξρ(y) + e
−2s
2
ξ2ρy(y) − e
−3s
6
ξ3ρyy(y) + 124
∫ ξe−s
0
θ4ρyyy(y − ξe−s + θ)dθ
)]}
dξdy
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= −
∫ +∞
−∞
e′′
(
ψ(y, s)
ψ∞m (y)
)(
ψ(y, s)
ψ∞m (y)
)2
ψ∞m (y)dy + O(1)e−2s
∫ +∞
−∞
∫ +∞
−∞
K (ξ)(1 + |y|2)ξ4
× sup
θ∈[0,ξe−s]
[∣∣ρyyyy(y − ξe−s + θ)∣∣+ ∣∣ρyyy(y − ξe−s + θ)∣∣] dξdy,
where we have used integration by parts, the estimate (2.3), the properties
K (−ξ) = K (ξ),
∫
K (ξ)dξ = 1, 1
2
∫
K (ξ)ξ2dξ = 1
and the relation
ψyy = 12 e
− 12Σ
(
−3
2
ρρy + ρ
3
4
+ ρyy
)
.
Then, we employ estimate (1.9) to control the terms ρyyy and ρyyyy above. After simple calculations, by means of the
properties of K , one can prove that the last integral above is finite and it can be controlled uniformly w.r.t. s. Then,
we obtain
d
ds
He(ψ(s)) ≤ −
∫ +∞
−∞
e′′
(
ψ(y, s)
ψ∞m (y)
)(
ψ(y, s)
ψ∞m (y)
)2
ψ∞m (y)dy + O(1)e−2s .
Hence, we apply the generalized Sobolev inequality (see [16,14])
He(ψ(s)) ≤ 12 Ie(ψ(s)),
where
Ie(ψ(s)) =
∫ +∞
−∞
e′′
(
ψ(y, s)
ψ∞m (y)
)(
ψ(y, s)
ψ∞m (y)
)2
ψ∞m (y)dy
is usually referred to as the generalized Fisher information or generalized entropy production. Therefore, we get
d
ds
He(ψ(s)) ≤ −2He(ψ(s)) + O(1)e−2s,
and, by the variation of constants formula, the exponential decay
He(ψ(s)) ≤ O(1)e−2s .
From (1.17) we recover the related estimate for ρ
He(ρ(s)) ≤ O(1)e−2s .
Finally, we employ the following generalized Csisza´r–Kullback inequality (see e.g. [16]):
‖ρ(s) − ρ∞M ‖2L1 ≤ C He(ρ(s))
and return to the original variables u, x, t . Hence, the proof of the theorem is complete.
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